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Abstract
Anisotropy of friction force is proved to be an important factor in vari-
ous contact problems. We study dynamical behavior of thin plates with re-
spect to symmetric and asymmetric orthotropic friction. Terminal motion of
plates with circular and elliptic contact areas is mainly analyzed. Evaluation
of friction forces for both symmetric and asymmetric orthotropic cases are
shown. Regular pressure distribution is considered. Differential equations
are formulated and solved numerically for a number of initial conditions.
Examples show significant influence of friction force asymmetry on the mo-
tion.
Keywords: Anisotropic friction, Orthotropic friction, Asymmetric friction, Ellip-
tic contact area, Terminal motion
1 Introduction
Anisotropy of friction force is an important factor in contact problems. Surfaces of
wide number of materials (crystals, composited, polymers, wood) are anisotropic
due to their internal properties. Engineering materials usually are manufactured
in the way that oriented surface roughness textures appear. Smart materials with
directional asymmetry are developed [3]. Using atomic force microscope (AFM)
in [5] way of obtaining frictional hodographs is shown. This information is related
to intensity and symmetry of friction phenomenon. Contact process with wear,
deformation, surface evolution, thermal and chemical variations, impact frictional
behavior of materials. A review [24] discusses factors influencing friction forces
and approaches of friction force modeling. The paper [25] presents examples of
friction forces with respect to contact stresses calculation in various computational
tasks.
Influence of anisotropy at contact interface has been widely investigated exper-
imentally and theoretically during last decades by [7,13,15,21] and others. Exam-
ples of centrosymmetric and non-centrosymmetric friction are presented in [23].
1Corresponding author E-mail: olga.silantyeva@gmail.com
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In [1] authors proposed a generalized Coulomb-like friction law and set up a se-
ries of experiments with parallelepiped test speciments with asymmetric surface
texture.
This study deals with symmetric and asymmetric orthotropic friction. We in-
vestigate dynamical behavior of sliding and spinning disks on anisotropic sur-
faces. In [21] some experimental and theoretical results regarding terminal mo-
tion of sliding spinning disks are presented. Sliding and spinning motions are also
considered in [13]. However, both papers assume isotropic friction force. We at-
tempt to finalize our work done during last years. We investigated a circular area
with symmetric orthotropic friction and uniform pressure distribution in [8], an
elliptic area with symmetric orthotropic friction and uniform pressure distribution
in [12] and linear pressure distribution in [11], a mass point with asymmetric fric-
tion in [9], a mass point and elliptic plate with asymmetric friction in [20] and a
ring with asymmetric friction in [10].
In the paper we present descriptions, regarding the developed theory for cir-
cular and elliptic thin plates under uniform pressure distribution. Effect of asym-
metry of friction force is taken into account and compared with symmetric case.
Asymmetry of friction is used in omni-directional vehicles [14] and robotics [6].
Elliptical contact area, which appear in railway problems (see [18]), in multi-
body dynamics during analysis of foot motion (see [16]) and other situations is
considered. All equations are evolved for this contact domain as a generalized
form which include circular area as a test base. Main results are presented for the
elliptic contact area.
2 Formulation of the problem
2.1 Friction law
Let us consider terminal motion of a thin plate on a horizontal plane with anisotropic
friction force. Anisotropic friction force T at a pointM of a moving body accord-
ing to [22] can be written in the following form:
T=−pMF (M) v|v| , F (M) =
(
fx f
− f fy
)
, (1)
here pM is a normal pressure at the point M, F (M) is a friction matrix written
with respect to a stationary coordinate system Oxy (see [7]), v is a velocity vector
of the pointM.
Friction is symmetric orthotropic in case the friction matrix F (M) is a tensor
which components are constant and do not depend on the orientation of contacting
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areas. This approximation is possible for the case when hardness of one plane is
greater than hardness of another one or one of the contact bodies has isotropic
frictional properties. If hardness of each material of the contacting pair is similar
we should use a more complicated law for friction force (see [7]).
Friction is asymmetric orthotropic if in the friction matrix components differ
in negative and positive directions of sliding with fx+ ≥ fx−, fy+ ≥ fy−. Thus, in
(1) we have:
fx =
{
fx+, vx ≥ 0
fx−, vx < 0
and fy =
{
fy+, vy ≥ 0
fy−, vy < 0
,
here vx,vy are projections of velocity vector in Oxy.
For both cases term orthotropicmeans an assumption that f = 0.
2.2 Equations of motion
Let us introduce a moving coordinate systemCξ ηζ , associated with the plate. For
the elliptic plate this coordinate system is associated with the principal axes of it.
Axis Cζ is perpendicular to the plane of sliding. Stationary coordinate system
Oxy is selected thus, that the friction matrix has the form (1) and axes Ox and Oy
are in the sliding plane. Let ϕ be an angle between Ox and Cξ , ϑ is an angle
between axis Ox and vC which is a velocity of a center of mass of the plate.
vC = vC(cosϑ i+ sinϑ j), (2)
where vC is a velocity value, i, j are unit vectors of axes Ox, Oy. Vector of an
angular velocity is ω = ωk, where ω = ϕ˙ , k is a unit vector of axis Oz.
Euler equation vM= vC+ω×CM allows us to write the following statements:
vx = vC cosϑ −ωy′, vy = vC sinϑ +ωx′,
x′ = ξ cosϕ −η sinϕ, y′ = ξ sinϕ +η cosϕ,
h= η cos(ϑ −ϕ)−ξ sin(ϑ −ϕ),
vM =
√
v2C+ω
2(ξ 2+η2)−2vCωh.
(3)
With the anisotropic friction law (1) and equations (3) we can write projections
of the total friction force vector T and the total friction momentM in the form:
Tx =
∫∫
Ω
τxdξdη, Ty =
∫∫
Ω
τydξdη,
MCζ =
∫∫
Ω
(τyx
′− τxy′)dξdη,
τx =− fxp(ξ ,η) vx(ξ ,η)
vM(ξ ,η)
, τy =− fyp(ξ ,η) vy(ξ ,η)
vM(ξ ,η)
,
(4)
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where Ω is an integration area.
Equations of motion in the Frenet-Serret frame with respect to (4) are as fol-
lows:
mv˙C = Tτ = Tx cosϑ +Ty sinϑ ,
mvCϑ˙ = Tn =−Tx sinϑ +Ty cosϑ ,
Iω˙ =MCζ ,
(5)
wherem is a mass of the plate, I is a plate’s inertia moment aboutCζ , Tτ and Tn are
projections of a friction force vector T on tangential and normal axes respectively,
MCζ is a friction moment about axis Cζ .
Let’s rewrite the system (5) in the dimensionless form using following rela-
tions:
I = ma2I∗, ξ = aξ ∗, η = aη∗, vC = v∗C
√
ag,
ω = ω∗
√
g
a
, t = t∗
√
a
g
, ϑ˙ =
dϑ
dt∗
√
g
a
, p= p∗
mg
S
and let’s introduce a variable β =
vC
ω
= aβ ∗ and a parameter µ = fy− fx. In these
equations parameter a is measurable, it is the length of the largest line from point
C to the area’s boundary, S is a contact area.
Equations (5) in dimensionless form (asterisks are omitted):
dvC
dt
=−
∫∫
Ω
p(ξ ,η)
[
β ( fx+µ sin
2ϑ)+ fxs1+µs3+ f s2
s
]
dξdη,
vC
dϑ
dt
=−
∫∫
Ω
p(ξ ,η)
[
β (µ sinϑ cosϑ − f )+ fxs2+µs4− f s1
s
]
dξdη,
dω
dt
=−
∫∫
Ω
p(ξ ,η)
I
[
β ( fxs1+µs3− f s2)+ fx(ξ 2+η2)+µs20
s
]
dξdη,
(6)
where
s=
√
β 2+ξ 2+η2+2β s1, s0 = ξ cosϕ −η sinϕ,
s1 = ξ sin(ϑ −ϕ)−η cos(ϑ −ϕ), s2 = ξ cos(ϑ −ϕ)+η sin(ϑ −ϕ),
s3 = ξ cosϕ sinϑ −η sinϕ sinϑ , s4 = ξ cosϕ cosϑ −η sinϕ cosϑ .
System of equations (6) is general. It is possible to numerically evaluate this
system directly. However, in most cases it is better to integrate forces in the right
part of the system at least once – it accelerates calculations and simplifies analysis.
We will study later uniform pressure distribution and only orthotropic case.
4
3 Friction force evaluation
3.1 Symmetric orthotropic friction
We will evaluate friction forces using method developed by A.I. Lurye in [17].
Let us introduce polar coordinate system, which origin is in the instantaneous
velocity center G, polar axis is a ray from simultaneous velocity center through
plate centerC, γ is a polar angle. We will differ two cases of simultaneous velocity
center position: inside and outside area, covered by plate, see figure 1.
Velocity vector is the following:
v= v(cos(ϑ + γ)i+ sin(ϑ + γ)j),
where v is a velocity value, i, j are unit vectors of coordinate system axes.
Vector of elementary friction force is:
τ =−p( fx cos(ϑ + γ)i+ fy sin(ϑ + γ)j). (7)
Friction force and moment taking into account (7) in stationary coordinate
system are the following:
Tx =−p fx
γ2∫
γ1
r2(γ)∫
r1(γ)
cos(ϑ + γ)rdrdγ,
Ty =−p fy
γ2∫
γ1
r2(γ)∫
r1(γ)
sin(ϑ + γ)rdrdγ,
MG =−p
γ2∫
γ1
r2(γ)∫
r1(γ)
( fx+
µ
2
− µ
2
cos(2ϑ +2γ))r2drdγ,
MC =MG−CG · p
γ2∫
γ1
r2(γ)∫
r1(γ)
(
µ
2
cos(γ)− µ
2
cos(2ϑ + γ)+ fx cos(γ))rdrdγ.
(8)
We assume that the plate has elliptical shape with semi-axes a and b, where a
is a major semi-axis, than
m= ρpiab, κ =
√
1− e2, I = ρpiκa
4(1+κ2)
4
, p=
mg
piab
,
where m is a mass of the plate, ρ is a mass density of the plate, e is an ellipse
eccentricity, p is a value of uniformly distributed pressure, g is the acceleration of
free fall.
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Figure 1: Coordinate system. Method A.I. Lurye: instantaneous velocity center,
a) outside area, b) inside area
Let’s find integration ranges in (8). We introduce angle Ψ =
pi
2
+ ϑ − ϕ
(see fig. 1). If the point G is inside elliptical plate, distance r from G to the border
of contacting area B can be found from:
(GBcos(pi− (Ψ+ γ))−ξG)2
a2
+
(GBsin(pi− (Ψ+ γ))−ηG)2
b2
= 1,
here coordinates of instantaneous velocity center are:
ξG = xG cosϕ + yG sinϕ, ηG =−xG sinϕ + yG cosϕ,
6
xG =− v
ω
sinϑ , yG =
v
ω
cosϑ .
Thus, we receive:
r = GB=
λ1+abD1
λ2
, (9)
where
λ1 = b
2ξG cos(Ψ+ γ)+a
2ηG sin(Ψ+ γ),
λ2 = b
2 cos2(Ψ+ γ)+a2 sin2(Ψ+ γ),
D1 =
√
(b2−η2G)cos2(Ψ+ γ)+(a2−ξ 2G)sin2(Ψ+ γ)+ξGηG sin(2(Ψ+ γ)).
Angle γ in equation (9) takes values from 0 to 2pi (see [19]).
The same calculations for the point G outside the area lead to the following:
r1 = GA=
λ1−abD1
λ2
,
r2 = GB=
λ1+abD1
λ2
.
(10)
Let’s find angles γ1 and γ2 for that case. Points where lineGA intersects ellipse
in coordinate systemCξ η can be found from the system of equations:
ξ 2A
a2
+
η2A
b2
= 1,
ηA = ξAk+σ ,
where
σ = ηG−ξGk, k = tan(pi
2
+ϑ −ϕ + γ).
The line will be tangent to ellipse if the following equation is satisfied:
σ2 = a2k2+b2.
We receive equation for parameter k:
(ξ 2G−a2)k2−2ηGξGk+η2G−b2 = 0.
Thus:
k1,2 =
ηGξG±
√
ξ 2Gb
2+a2η2G−a2b2
ξ 2G−a2
,
and, finally,
γ1,2 = arctan(k1,2)− pi
2
−ϑ +ϕ. (11)
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We can rewrite forces in dimensionless form taking into account the following
relations:
I = ρpiκa4I∗, ξ = aξ ∗, η = aκη∗, β = β ∗a, p= p∗
mg
piab
,
here asterisks are dedicated to dimensionless variables: I∗ is a dimensionless in-
ertia moment, ξ ∗,η∗ are dimensionless coordinates (asterisks for these variables
are omitted later).
Thus, we can write components of total friction force and total moment in the
case, when instantaneous velocity center lies inside the contact area:
T ∗x =− fx
2pi∫
0
cos(ϑ + γ)
(
κ (λ ∗1 +D
∗
1)
2
2λ ∗22
)
dγ,
T ∗y =− fy
2pi∫
0
sin(ϑ + γ)
(
κ (λ ∗1 +D
∗
1)
2
2λ ∗22
)
dγ,
M∗G =−
2pi∫
0
( fx+
µ
2
− µ
2
cos(2ϑ +2γ))
(
κ2 (λ ∗1 +D
∗
1)
3
3λ ∗32
)
dγ,
M∗C =M
∗
G−
2pi∫
0
β (
µ
2
cos(γ)− µ
2
cos(2ϑ + γ)+ fx cos(γ))
(
κ (λ ∗1 +D
∗
1)
2
2λ ∗22
)
dγ.
(12)
And in the case, when instantaneous velocity center is outside the contact area:
T ∗x =− fx
γ2∫
γ1
cos(ϑ + γ)
(
2κD∗1λ
∗
1
λ ∗22
)
dγ,
T ∗y =− fy
γ2∫
γ1
sin(ϑ + γ)
(
2κD∗1λ
∗
1
λ ∗22
)
dγ,
M∗G =−
γ2∫
γ1
( fx+
µ
2
− µ
2
cos(2ϑ +2γ))
(
κ2
(
2D∗31 +6D
∗
1λ
∗2
1
)
3λ ∗32
)
dγ,
M∗C =M
∗
G−
γ2∫
γ1
β (
µ
2
cos(γ)− µ
2
cos(2ϑ + γ)+ fx cos(γ))
(
2κD∗1λ
∗
1
λ ∗22
)
dγ,
(13)
where
λ ∗1 = κξG cos(Ψ+ γ)+ηG sin(Ψ+ γ),
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λ ∗2 = κ
2 cos2(Ψ+ γ)+ sin2(Ψ+ γ),
D∗1 =
√
κ2(1−η2G)cos2(Ψ+ γ)+(1−ξ 2G)sin2(Ψ+ γ)+κξGηG sin(2(Ψ+ γ)).
3.2 Asymmetric orthotropic friction
Equations (12) and (13) achieved in the previous section for symmetric orthotropic
friction are suitable for asymmetric case as well. However, we should evaluate an-
other integration ranges. In this case it is important to know directions of sliding
velocities. Each area on figure 2 corresponds to different cases of velocities ori-
entation and, thus, different friction coefficients.
We have to find rules for positioning instantaneous velocity center G in each
area. Let’s introduce points p1, p2, p3, p4, which are coordinates of tangents to
ellipse parallel to axes Cx and Cy.
In systemCξ η: equation of line p3 is η = k3ξ + l3, with k3 =− tanϕ . Coor-
dinates of contact point in systemCξ η can be found from the following relations:
η =− tanϕξ + l3,
ξ 2
a2
+
η2
b2
= 1.
Taking l3 =
√
a2k23+b
2 we obtain
ξp3 =− a
2k3√
a2k3+b2
,
ηp3 = k3ξp3+ l3,
and in systemCxy we get:
xp3 = ξp3 cosϕ −ηp3 sinϕ,
yp3 = ξp3 sinϕ +ηp3 cosϕ.
The same idea is useful for other 3 points with: k1 = cotϕ, l1 =
√
a2k21+b
2,
k2 = cotϕ, l2 =−l1, k4 =− tanϕ, l4 =−l3.
Now take a look at area 7 (see table 2). It is divided into 4 parts. Each part
contains points with velocities directed to the same quadrant. That means that
for each of the part coefficients of friction remain constant. So projections of the
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friction force and the moment are:
T ∗x =−
i=4, j=5
∑
i=0, j=1
ψ j∫
ψi
f i jx cos(ϑ + γ)
(
κ (λ ∗1 +D
∗
1)
2
2λ ∗22
)
dγ,
T ∗y =−
i=4, j=5
∑
i=0, j=1
ψ j∫
ψi
f i jy sin(ϑ + γ)
(
κ (λ ∗1 +D
∗
1)
2
2λ ∗22
)
dγ,
M∗G =−
i=4, j=5
∑
i=0, j=1
ψ j∫
ψi
( f i jx +
µ i j
2
− µ
i j
2
cos(2ϑ +2γ))
(
κ2 (λ ∗1 +D
∗
1)
3
3λ ∗32
)
dγ,
M∗C =M
∗
G−
i=4, j=5
∑
i=0, j=1
ψ j∫
ψi
β (
µ i j
2
cos(γ)− µ
i j
2
cos(2ϑ + γ)+ f i jx cos(γ))
(
κ (λ ∗1 +D
∗
1)
2
2λ ∗22
)
dγ.
(14)
In (14) the area integral from (12) is partitioned to 5 integrals with constant
values of friction coefficients withψ0= 0,ψ1=α1,ψ2=α2,ψ3=α3,ψ4=α4,ψ5=
α5 and ∑ψi = 2pi (see table 2).
Tables 1 and 2 show the way how equations (13) are divided into several parts.
Thus, finally, we achieve equations for friction force projections in the case of
instantaneous velocity center lies outside area covered by the plate in the following
form:
T ∗x =−
i=z−1, j=z
∑
i=0, j=1
ψ j∫
ψi
f i jx cos(ϑ + γ)
(
2κD∗1λ
∗
1
λ ∗22
)
dγ,
T ∗y =−
i=z−1, j=z
∑
i=0, j=1
ψ j∫
ψi
f i jy sin(ϑ + γ)
(
2κD∗1λ
∗
1
λ ∗22
)
dγ,
M∗G =−
i=z−1, j=z
∑
i=0, j=1
ψ j∫
ψi
( f i jx +
µ i j
2
− µ
i j
2
cos(2ϑ +2γ))
(
κ2
(
2D∗31 +6D
∗
1λ
∗2
1
)
3λ ∗32
)
dγ,
M∗C =M
∗
G−
i=z−1, j=z
∑
i=0, j=1
ψ j∫
ψi
β (
µ i, j
2
cos(γ)− µ
i j
2
cos(2ϑ + γ)+ fx cos(γ))
(
2κD∗1λ
∗
1
λ ∗22
)
dγ.
(15)
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Table 1: Velocities distribution and integration ranges evaluation. Part 1.
O x
ξ
y
η
C
1234
5 6
7 8
9 10
11
12
1314
15
16
17 18 19 20
Figure 2: Splitting geometry
Here each partition correspond to different veloc-
ity directions distribution.
O x
y
ξ
η
C
G
Area 1, velocities oriented to the III quadrant.
xG > xp1, yG > yp3
z= 1,ψ0 =−γ1,ψ1 = γ2
f 01x = fx+, f
01
y = fy−
For areas 1, 4, 17, 20 all velocities are directed
to the same quadrant.
O x
y
ξ
η
C
G
Area 2, velocities oriented to the I and IV quad-
rants.
xG > 0, xG ≤ xp1,
yG > yp3,
α = arctan
xG
yG
z= 2,ψ0 =−γ1,ψ1 = α,ψ2 = γ2
f 01x = fx+, f
01
y = fy−,
f 12x = fx+, f
12
y = fy+
For areas 2, 3, 18, 19 all velocities are directed
to 2 quadrants and the line separating the parts
is parallel to axis Oy.
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Table 2: Sliding velocities distributions and integration ranges evaluations. Part
2.
O x
y
ξ
η
C
G
Area 5, velocities oriented to the I and II quad-
rants.
xG ≤ xp2, yG > 0, yG ≤ yp3, α = arctan yG
xG
z= 2,ψ0 =−γ1,ψ1 = α,ψ2 = γ2
f 01x = fx+, f
01
y = fy+
f 12x = fx−, f 12y = fy+
For areas 5, 10, 11, 16 all velocities are directed
to 2 quadrants and the line separating the parts
is parallel to axis Ox.
O x
y
ξ
η
C
G
Area 6, velocities oriented to the I, II and IV
quadrants.
xG ≤ 0, xG > xp2, yG > yp2, yG ≤ yp3,
ξ 2G
a2
+
η2G
b2
> 1, α1 = arctan
xG
yG
, α2 = arctan
yG
xG
f 01x = fx+, f
01
y = fy+
f 12x = fx−, f 12y = fy+
f 23x = fx+, f
23
y = fy−
For areas 6, 9, 12, 15 all velocities are directed
to 3 quadrants.
O x
y
ξ
η
C
G
Area 7, velocities are directed to I, II, III, IV
quadrants.
α1 = arctan
yG
xG
, α2 = α1+
pi
2
, α3 = α2+
pi
2
,
α4 = α3+
pi
2
, α5 = α4+ arctan
xG
yG
,
xG ≤ 0, yG > 0,
ξ 2G
a2
+
η2G
b2
≤ 1,
f 01x = fx+, f
01
y = fy+
f 12x = fx−, f 12y = fy+
f 23x = fx−, f 23y = fy−
f 34x = fx+, f
34
y = fy−
For areas 6, 8, 13, 14 velocities are directed
to all 4 quadrants.
4 Selected results
4.1 General considerations
Let’s divide the first equation of the system (6) by the third and let’s introduce
derived right part Φ1(β ,ϑ):
dvC
dω
= Φ1(β ,ϑ),
vC
dϑ
dt
= Tn(β ,ϑ).
(16)
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The dissipative friction force has negative power, thus, motion with non-zero
initial conditions terminates (the plate moves a finite period of time). Thus, second
equation in the system (16) allows us to write a relation:
Tn(β ,ϑ) −→
t→t∗
ϑ→ϑ∗
β→β∗
0, (17)
where ϑ∗ and β∗ are limit values of corresponding parameters, t∗ is a terminal
moment. Integrating first equation of the system (16) we achieve:
ω = ω0 exp

−
β1∫
β0
dβ
β −Φ1(β ,ϑ)

 . (18)
It is important to mention, that function Φ1(β ,ϑ) depends not only on β and
ϑ but also on the shape of the contact area, pressure distribution law p(ξ ,η),
components of the friction matrix fx, fy and the angle ϕ (orientation of the
body on the surface). Thus, value of β1, when integral in (18) becomes improper
and seeks −∞, depends on parameters of the mechanical system:
β1 −→
t→t∗
ϑ→ϑ∗
ϕ→ϕ∗
β∗(ϑ∗,ϕ∗,Ω, fx, fy, p(ξ ,η)). (19)
Summarizing, note that by the time t∗ relation (17) and
β −Φ1(β ,ϑ) −→
t→t∗
ϑ→ϑ∗
β→β∗
0. (20)
should be achieved.
Furthermore, with fixed values of β = β˜ equations Tn(β˜ ,ϑ) = 0 and (20) may
have several solutions. However, both conditions (17) and (20) are achieved with
singular ϑ∗, β∗ [7], which depend on initial conditions.
It is important to mention that from system (6) with introducing parameter
δ = β−1 we may derive the following system of equations:
dω
dvC
= Φ2(δ ,ϑ),
vC
dϑ
dt
= Tn(δ ,ϑ).
(21)
From system (21) we achieve:
Tn(δ ,ϑ) −→
t→t∗
ϑ→ϑ∗
δ→δ∗
0, (22)
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and
vC = vC0 exp

− δ1∫
δ0
dδ
Φ2(δ ,ϑ)−δ

 , (23)
and, finally, with same reasoning:
Φ2(δ ,ϑ)−δ −→
t→t∗
ϑ→ϑ∗
δ→δ∗
0. (24)
During searching limit values of ϑ∗, β∗ with equations (17) and (20), it may
occur that there are no roots. Thus, we should solve equations (22) and (24) to
find ϑ∗, δ∗. Furthermore, because there is a strict dependence of plate motion on
interrelations between inertia moment and friction coefficients (see, for example,
[8]) we should all the time check solution in both regions.
4.2 Symmetric orthotropic friction. Specific initial conditions
of motion
4.2.1 Initial conditions of motion ω = 0, v 6= 0
Let’s get back to system (5). With (3) and (4) it is possible to show that in case
ω = 0, v 6= 0 we have:
τx =−p( fx cosϑ + f sinϑ) ,
τy =−p(− f cosϑ + fy sinϑ) ,
and, thus, we achieve system:
mv˙C = Tx cosϑ +Ty sinϑ =−p
∫∫
Ω
(
µ sin2ϑ + fx
)
dξdη,
mvCϑ˙ =−Tx sinϑ +Ty cosϑ =−p
∫∫
Ω
(µ sinϑ cosϑ − f )dξdη,
Iω˙ =
∫∫
Ω
(
τyx
′− τxy′
)
dξdη =−p
∫∫
Ω
(ξK1+ηK2)dξdη,
(25)
where
K1 = (µ sinϑ cosϕ + fx sin(ϑ −ϕ)− f cos(ϑ −ϕ)),
K2 = (−µ sinϑ sinϕ − fx cos(ϑ −ϕ)− f cos(ϑ −ϕ)).
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It can be shown that integrals in the third equation of system (25) is equal to zero
for elliptical and circular contact areas. So, finally we have:
mv˙C =−pS
(
µ sin2ϑ + fx
)
,
mvCϑ˙ =−pS (µ sinϑ cosϑ − f ) ,
Iω˙ = 0.
(26)
From the system of equations (26) we see, that in case the initial motion is
translational it stays translational until the final point.
4.2.2 Initial conditions of motion ω 6= 0, v= 0
For equation (5) taking into account conditions v = 0, ω 6= 0 we have that pa-
rameter β is zero and from (3) and (4) we achieve system of equations:
mv˙C =−p
∫∫
Ω
ξA0+ηA1
D
dξdη =−p [A0F1(ξ ,η)+A1G1(ξ ,η)] ,
mvCϑ˙ =−p
∫∫
Ω
ξB0+ηB1
D
dξdη =−p [B0F1(ξ ,η)+B1G1(ξ ,η)] ,
Iω˙ =−p
∫∫
Ω
ξ 2C0+ξ ηC1+η
2C2
D
dξdη =−p [C0F2(ξ ,η)+C1L(ξ ,η)+C2G2(ξ ,η)] ,
(27)
where
D=
√
ξ 2+η2,
A0 = µ cosϕ sinϑ + fx sin(ϑ −ϕ)+ f cos(ϑ −ϕ),
A1 = f sin(ϑ −ϕ)−µ sinϑ sinϕ − fx cos(ϑ −ϕ),
B0 = µ cosϕ cosϑ + fx cos(ϑ −ϕ)− f sin(ϑ −ϕ),
B1 = f cos(ϑ −ϕ)+ fx sin(ϑ −ϕ)−µ sinϕ cosϑ ,
C0 = fx+µ cos
2ϕ, C1 =−2µ cosϕ sinϕ, C2 = fx+µ sin2ϕ.
F1(ξ ,η) =
∫∫
Ω
ξ√
ξ 2+η2
dξdη, G1(ξ ,η) =
∫∫
Ω
η√
ξ 2+η2
dξdη,
F2(ξ ,η) =
∫∫
Ω
ξ 2√
ξ 2+η2
dξdη, G2(ξ ,η) =
∫∫
Ω
η2√
ξ 2+η2
dξdη,
L(ξ ,η) =
∫∫
Ω
ξ η√
ξ 2+η2
dξdη.
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Now we find integrals F1(ξ ,η), G1(ξ ,η), F2(ξ ,η), G2(ξ ,η), L(ξ ,η). It can
be seen that for F1(ξ ,η),G1(ξ ,η) and L(ξ ,η) the integration area is symmetrical,
thus:
F1(ξ ,η) =
b∫
−b
dη
ah2(η)∫
−ah2(η)
ξ√
ξ 2+η2
dξ = 0, G1(ξ ,η) =
a∫
−a
dξ
bh1(ξ )∫
−bh1(ξ )
η√
ξ 2+η2
dη = 0,
L(ξ ,η) =
b∫
−b
ηdη
ah2(η)∫
−ah2(η)
ξ√
ξ 2+η2
dξ = 0, h1 =
√
1− ξ
2
a2
, h2 =
√
1− η
2
b2
.
(28)
Integrals F2(ξ ,η), G2(ξ ,η) are not equal to zero for the area.
F2(ξ ,η) =
b∫
−b
dη
ah2(η)∫
−ah2(η)
ξ 2√
ξ 2+η2
dξ =−
b∫
−b
η2
2
ln
(√
a2h22(η)+η
2+ah2(η)
)2
η2
dη,
G2(ξ ,η) =
a∫
−a
dξ
bh1(ξ )∫
−bh1(ξ )
η2√
ξ 2+η2
dη =−
a∫
−a
ξ 2
2
ln
(√
b2h21(ξ )+ξ
2+bh1(ξ )
)2
ξ 2
dξ .
(29)
Thus equations(27) transform into:
mv˙C = 0,
mvCϑ˙ = 0,
Iω˙ =C0F2(ξ ,η)+C2G2(ξ ,η).
(30)
For symmetric orthotropic friction and uniform pressure distribution it can be
stated that if the initial motion is rotational it stays rotational until the end.
4.3 Symmetric and asymmetric orthotropic friction. Numeri-
cal results
If the initial values of angular and linear (sliding) velocities are non-zero any ana-
lytic simplifications can hardly be reached. In our paper [11] system of equations
(6) was solved in (ξ ,η) coordinate system, but with this approach an accuracy of
results was not enough satisfied. Furthermore, at the most final points the method
tends to give significant oscillations, because near β = β∗ situation with singu-
larity may appear. So we switched to the method Lurye described here. After
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manipulations with forces integrals according to the described method, we ob-
tained a very stable and accurate numerical procedure. With this new approach
we achieved numerical solution for uniform pressure distribution and symmetric
and asymmetric friction forces.
Table 3 shows resultant values of parameters of interest for circular and elliptic
plates. The instantaneous velocity center for both types of plates is located in the
same area. However, velocity vector rotational angle ϑ∗ is noticeably higher for
elliptic plate. Instantaneous velocity center position described by β∗ is lower for
elliptic plate comparing with circular one.
In our paper [12] results for symmetric orthotropic case were presented. For
symmetric case β∗ is significantly lower for both circular and elliptic plates com-
paring to asymmetric example. Furthermore, for circular plate in symmetric or-
thotropic friction we have ϑ∗ = 0. However, in asymmetric case for both shapes
ϑ∗ values show that velocity vector orients to the 3rd quadrant, which is actually
the one with the lowest coefficients of friction.
Table 3: Parameters β∗, ϑ∗ for circular and elliptical plates for asymmeric or-
thotropic friction (ϑ0 =
pi
4
, ϕ0 =
pi
3
)
Circle Ellipse (e= 0.6)
µ+ β∗ ϑ∗ Area β∗ ϑ∗ Area
0.03 0.887 -2.46 13 0.81 -2.71 13
0.06 0.908 -2.57 13 0.83 -2.77 13
0.09 0.937 -2.65 13 0.86 -2.82 13
0.12 0.976 -2.71 13 0.89 -2.86 13
0.15 1.042 -2.78 12 0.91 -2.88 12
0.18 1.197 -2.86 19 0.99 -2.93 19
Figure 3 demonstrates evolution of β (t), ϑ(t) for symmetric and asymmet-
ric cases. It was assumed that a = 1 and represents major semi-axes of elliptic
plate, which eccentricity is e = 0.6 and for circular plate e = 0. Initial condi-
tions taken in the example are: v0 = 1, ω0 = 1, ϑ0 = pi/4, and initial el-
lipse orientation angle is ϕ0 = pi/3. Friction coefficient µ+ = fy+− fx+ with
fx = fx+ = 0.42, fx− = 0.5 fx+, fy = fy+, fy− = 0.5 fy+. For both symmetric
and asymmetric cases sliding and spinning end simultaneously. This important
outcome was also achieved for non-uniform pressure distributions: for circular
plate with respect to isotropic friction force and axisymmetric normal pressure
in [2], under linear pressure distribution in [4], and for elliptic plate under linear
pressure distribution and symmetric orthotropic friction in [11]. However, figure
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shows significant difference in behavior of β (t), ϑ(t) curves with respect to
asymmetry of friction force. Shape factor is noticeably important for both sym-
metric and asymmetric cases: elliptic plate moves shorter period of time with
more velocity vector rotation (higher changes of ϑ values).
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Figure 3: Parameters β and ϑ evolution for circular (solid line) and elliptic
(dashed line) plate for orthotropic friction: (1) µ = µ+ = 0.03, (2) µ = µ+ = 0.18
5 Conclusion
• Problem of terminal motion of thin elliptic plate taking into account anisotropy
of friction force is formulated. General analytic results show that it is pos-
sible to analyze the system of motion equations without specifying pressure
distribution. It is stated that until the terminal point two conditions (20) and
(17) should be achieved simultaneously.
• Total friction force and total moment evaluations are shown in the case of
thin elliptic plate under uniform pressure distribution. Two cases are dis-
cussed: symmetric orthotropic friction and asymmetric orthotropic friction.
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Based on the Lurye method friction force is obtained for both cases. This
leads to significant simplifications of numerical procedure.
• Some specific cases of initial conditions are analyzed separatelywith the
aid of numerical study. It is shown, that for symmetric orthotropic friction
and elliptic contact area under uniform pressure distribution: if the initial
motion is linear it stays linear till the end. In case initial motion is rotational
it is rotational during the whole period of motion.
• Numerical results are presented for symmetric and asymmetric friction forces
and elliptic and circular contact areas under uniform pressure distribution.
It is stated that sliding and spinning end simultaneously both in symmetric
and asymmetric cases. Figures show significant influence of asymmetry of
friction forces on the motion. Contact area impact is also pointed out.
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